Abstract. The purpose of this paper is to propose an efficient numerical method for solving singular ordinary differential equations of Lane-Emden type. The singularity at initial point of the problem leads to failure of many methods such as Euler method, Runge-Kutta method, etc. The proposed method is based on shifted Legendre-Gauss-Radau collocation points and the corresponding interpolation. The first step is to convert second-order ordinary differential equation to an equivalent first order ordinary differential system, and the shifted Legendre-Gauss-Radau points are utilized to collocate the first order ordinary differential system except the initial point. Then computation of the nonlinear initial value problem is reduced to a nonlinear algebraic system. Since evaluation includes no singular point, the difficulty of singularity is overcome. Due to the stability of Gauss-type interpolation, the proposed method possesses high accuracy which is observed by several numerical tests. Also, the method can be done by proceeding in time step by step. Illustrative examples have been discussed to demonstrate the validity and applicability of the technique, and the results have been compared with the exact solution.
Introduction
Recently, the studies of singular initial value problems in ordinary differential equations have attracted the attention of mathematicians and astrophysics. One of the most important equations is the Lane-Emden type equation, which describes the equilibrium density distribution in selfgravitating sphere of polytrophic isothermal gas, and has a singularity at the origin and is of fundamental importance in the field of stellar structure, radiative cooling and modeling of clusters of galaxies [1] [2] [3] .
The general form of Lane-Emden equations is (1) With initial condition
The solution of the Lane-Emden equations is numerically challenging due to the singularity behavior at the origin and nonlinearities. There are a lot of literatures for approximate solutions to (1) (2) , which include Adomian decomposition method [4] [5] [6] , homotopy perturbation method [7] [8] , variational iteration method [9] [10] , differential transformation method [11] [12] , Legendre wavelets method [13] [14] [15] , Legendre tau method [16] , Sinc-collocation method [17] , Chebyshev spectral method [18] , nonclassical Radau collocation method [19] , etc.
For solving (1-2) numerically, we first convert the second-order ordinary differential equation to an equivalent first order ordinary differential system. Let . Then from (1-2) we obtain
Spectral collocation methods are most popular among numerical approximation techniques. Legendre-Gauss-Radau collocation method is successfully applied to ordinary differential equation by Wang and Guo in [20] . In this paper we deal with (3) by Legendre-Gauss-Radau collocation. The advantage of the method is the high accuracy (spectral accuracy is observed) even for singular ordinary differential problem. For any 
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Implementation of the scheme (4)
We express the approximate solution as
, we have the similar expression as above. Let
We denote matrix A with entries jl a and column vector B with entries j b . Further, 
Then the matrix form of (4) reads as
Now by solving nonlinear system (5) the unknown coefficients Y and Z can be obtained. For approximation solution at T , the following formulation is utilized
Multi-step Version of Legendre-Gauss-Radau Collocation Method
The collocation method (4) can also be performed step by step. Let ). Similar to (5-7), we have matrix form of (8) by introducing notations and here we omit it.
Numerical Tests
In practice, system (5) leads to
. This suggests a simple iterate method for solving algebraic system (5). Example 1 Consider the following nonlinear Lane-Emden equation [15, 19, 21] . In Table 1 , we present the errors with 20  N and compare the results with those in [15, 19, 21] . It shows that the presented method is better than others.
Tab.1 Comparison of errors for example 1 t
Method in [15] Method in [19] (N=30) Method in [21] The Present Method 
Summary
In this paper, we applied Legendre-Gauss-Radau collocation method to solve singular ordinary differential equation of Lane-Emden type. The singularity difficulty is overcome by using this method. This method is easy to be implemented even for nonlinear problems. In particular, due to the rapid convergence of the Legendre-Gauss-Radau interpolation, this method possesses spectral accuracy. The numerical results demonstrated the efficiency of the presented method.
The further research will be to find other properties and phenomena of singular ordinary differential equation of Lane-Emden type by applying the proposed method. Legendre-GuassRadau collocation methods, or more commonly spectral collocation methods are potential powerful numerical techniques. It is worthwhile to develop their extensive applications.
